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Abstract. Backward stochastic differential equations (BSDEs) in the sense of Pardoux-Peng [Backward 
stochastic differential equations and quasilinear parabolic partial differential equations, Lecture Notes in 
Control and Inform. Sci., 176, 200-217, 1992] provide a non-Markovian extension to certain classes of non- 
linear partial differential equations; the non-linearity is expressed in the so-called driver of the BSDE. Our 
aim is to deal with drivers which have very little regularity in time. To this end we establish continuity of 
BSDE solutions with respect to rough path metrics in the sense of Lyons [Differential equations driven by 
rough signals. Rev. Mat. Iberoamericana 14, no. 2, 215-310, 1998] and so obtain a notion of "BSDE with 
rough driver" . Existence, uniqueness and a version of Lyons' limit theorem in this context are established. 
Our main tool, aside from rough path analysis, is the stability theory for quadratic BSDEs due to Kobylanski 
[Backward stochastic differential equations and partial differential equations with quadratic growth. Ann. 
Probab., 28(2):558-602, 2000]. 



1. Introduction 

We recall that backward stochastic differential equations (BSDEs) are stochastic equations of the type 
(1) Ft " e + / f( r > Y r> z r)dr- J Z r dW r . 

Here, W is an m-dimensional Brownian motion on some filtered probability space ^f2, (-7 r t)o<t<T > • The 
terminal data £ is assumed to be J-V-measurable, the driver f : O x [0,T] x Rxl m — > R is a predictable 
random field; a solution to this equation is a (1 + m)-dimensional adapted solution process of the form 
(Y t , Z t ) 0<t<T ; subject to some integrability properties depending on the framework imposed by the type of 
assumptions on /. Equation ([1]) can also be written in differential form 

-dY t = f(t,Y t ,Z t )dt-Z t dW t . 

The aim of this paper, partially motivated from the recent progress on partial differential equations driven 
by rough path [H [TTJ 13 120] , is to consider 

-dY t = f {t,Y u Z t ) dt + H(Y t )dC t - Z t dW t , 

where £ is (at first) a smooth <i-dimensional driving signal - accordingly H — (H±, . . . , H^) - followed by 
a discussion in which we establish rough path stability of the solution process (Y, Z) as a function of 
Note that we do not establish any sort of rough path stability in W. Indeed when / = in (JTJ, BSDE 
theory reduces to martingale representation, an intrinsically stochastic result which does not seem amenable 
to a rough pathwise approach. We are able to carry out our analysis in a framework in which the in- 
dependence of the terms driven by C factorizes through an Ito diffusion process. That is, we consider, for 
fixed (t ,x ) € [0,T] x M n , 

dX t = b(u;t)dt + a(tj;t)dW t , t <t<T; X tQ = x e M™ , 
-dY t = f(u;t,Y t ,Z t )dt + H{X t ,Y t )d(-Z t dW, t <t<T: Y T = £ € L°° (TV) . 



Key words and phrases. BSDEs, SPDEs, rough path theory. 

^See however the recent work of Liang et al. 1131 in which martingale representation is replaced by an abstract transformation. 
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Our main-result is, under suitable conditions on / and H = (Hi, . . . , Hd), that any sequence which is 
Cauchy in rough path metric gives rise to a solution (Y, Z) of the BSDE with rough driver 

(2) -dY t = f («; t, Y u Z t ) dt + H (X u Y t ) d£ - Z t dW u 

where £ denotes the (rough path) limit of (£") and where indeed (Y, Z) depends only on £ and not on 
the particular approximating sequence. An interesting feature of this result, which somehow encodes the 
particular structure of the above equation, is that one does not need to construct resp. understand the 
iterated integrals of £ and W; but only those of £ which is tantamout to speak of the rough path £. This 
is in strict contrast to the usual theory of rough differential equations in which both d£ and dW figure as 
driving differentials, e.g. in equations of the form dy = V\(y)dQ + V2(y)dW . 

If we specialize to a fully Markovian setting, say £ = g (Xt) , c (u);t) — a (t, X t (uj)) ,b(u);t) = b (t, X t (ui)) , 
/ (uj; t, y,z) = f (t, Xf (ui) ,y,z) , H = H (X t , Yt), we find that the solution to ([2]), evaluated at t = t , yields 
a solution to the (terminal value problem of the) rough partial differential equation 

—du = (Cu) dt + f (t, x, u, Du o~(t, x)) dt + H (x, u) dC,, ut (x) — g (x) , 

where C denotes the generator of X. If one is interested in the Cauchy problem, u(t,x) — u(T — t,x) 
satisfies, 

(3) du — (Cu) dt + f (x, u, Du a(t, x)) dt + H (x, u) <i£, uq (x) — g (x) , 
where £ = C(T--). 

To the best of our knowledge, (j2J is the first attempt to introduce rough path methods [15j [TTJ [TBI QJJ] 
in the field of backward stochastic differential equations 119, SJ 12 . Of course, there are many hints in the 
literature towards the possibility of doing so: we mention in particular the Pardoux-Peng [18J theory of 
backward doubly stochastic differential equations (BDSDEs) which amounts to replacing dQ in @ by another 
set of Brownian differentials, say dB, independent of W. This theory was then employed by Buckdahn and 
Ma [3] to construct (stochastic viscosity) solutions to ([3]) with dC replaced by a Brownian differential and 
the assumption that the vector fields Hi (x, ■),... , Hd (x, ■) commute. 

This paper is structured as follows. In Section[2]we state and prove our main result concerning the existence 
and uniqueness of BSDEs with rough drivers. Section [3] specializes the setting to a purely Markovian one. 
In this context BSDEs with rough drivers are connected to rough partial differential equations, which we 
analyze in their own right. In Section [4] we establish the connection to BDSDEs. 



2. BSDE With Rough Driver 



We fix once and for all a filtered probability space (f2, J 7 , {J-)t, P), which carries a m-dimensional Brownian 
motion W. Let Ft be the usual filtration of W . Denote by H^ T j(R m ) the space of predictable processes X 

in K m such that ||X|| 2 := E[/ T |X| 2 dr] < oo. Denote by JTSJ^QR) the space of predictable processes that are 
almost surely bounded with the topology of P-a.s. convergence uniformly on [0, T]. For a random variable £ 
we denote by ||£||oo its essential supremum, for a process Y we denote by H^Hoo the essential supremum of 

SUP <t<T \ Y t\- 

For a smooth path ( in R d and £ G L°°(J : t) we consider the BSDE 

cT r T pT 



(4) Ft= ^ + / f^ Y ^ Z ^ dr + 1 H(X r ,Y r )d((r) 

where the ]R n -valued diffusion X has the form 



Z r dW r , t < T, 



X t = x + I a r dW r + / b r dr. 



Here, H = (Hi, . . . , H d ) with H k : E n xR -> M, k = 1, . . . , d and jf H(X r , Y r )d((r) := J2t=i ft H k (X r ,Y r )( (r)dr 
W is an m-dimensional Brownian motion (hence Z is a row vector taking values in R mxl identified with 
R m ). / : fl x [0, T] x R x M. m — > R is a predictable random function, x € R™, a is a predictable process taking 
values in R nxm , b is a predictable process taking values in R™. 
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Definition 1. We call equation flD BSDE with data {£,,f,H,Q- 

For a vector x we denote the Euclidean norm as usual by For a matrix X we denote by \X\, depending 
on the situation, either the 1-norm (operator norm) , the 2-norm (Euclidean norm) or the oo-norm (operator 
norm of the transpose). This slight abuse of notation will not lead to confusion, as all inequalities will be 
valid up to multiplicative constants. 

We introduce the following assumptions: 

(Al) There exists a constant C a > such that for t £ [0, T] 

\<J t (uj)\<C a P-a.s. 
(A2) There exists a constant Cf, > such that for t € [0, T] 

\b t (uj)\<C b P-a..s. 
(Fl) There exists a constant dj > such that for (t, y, z) 6 [0, T] x 1" x R m 

\f(u;t,y,z)\ <C XJ + Cxj\z\ 2 P-a.s., 
\d z f(u;t,y,z)\ < Ci, f + C llf \z\ P-a.s. 
(F2) There exists a constant C 2 j > such that for (t, y, z) 6 [0, T] x E™ x W n 

dyf{uj;t,y,z)<C 2 j P-a.s. 
For given real numbers 7 > p > 1 we have the following assumption: 
(Hp i7 ) Let H(x, •) = (Hi(x, ■),..., Hd(x, •)) be a collection of vector fields on P, parameterized by x € P™. 
Assume that for some Cjj > 0, we have joint regularity of the form 

sup |£/i| LipT +2 (R „+i) < Ch- 

i—l,... : d 

As a consequence of Theorem 2.3 and Theorem 2.6 in [12], we get the following 

Lemma 2. Assume (Al ), (A2), (Fl ), (F2) and let H be Lipschitz on P" x P. Let £ e i°°(J r T) and a smooth 
path £ be given and let <p be the corresponding flow defined in ((SJ) . Then there exists a unique solution to the 
BSDE with data (£, /, H, (). 

We want to give meaning to equation (j4]), where the smooth path ^ is replaced by a general geometric 
rougn path C G C , P- var ([O,T],GW(P <1 ))0. We present our main result, the proof of which we present at the 
end of the section. 

Theorem 3. Let p > 1, 7 > p and £™, n = 1, 2, . . . , be smooth paths in P d . Assume C™ — > C ^ n p-variation, 
for a C S C p -™ T ([0,T],GW(R d )). Let £ E L°°(T T ). Let f be a random function satisfying (Fl) and (F2). 
Moreover, assume (Al), (A2) and (H p ~ t ). For n > 1 denote by (Y n ,Z n ) the solutions to the BSDE with 
data - ././/., -i. 

Then there exists a process (Y, Z) G Fl^ T ^ x H? T j such that 

Y n uniformly on [0, T] P - a.s., 

Z n -> Z inHf 0T] . 

The process is unique in the sense, that it only depends on the limiting rough path £ and not on the 
approximating sequence. 



In a Brownian context one can take 2 < p < 3 and G^(R d ) ^ K d ffi so(d) is the state space for d-dimensional Brownian 
motion and it's Levy area. More generally, G' p '(R d ) is the "correct" state space for a geometric p-rough path; the space of such 
paths subject to p-variation regularity (in rough path sense) yields a complete metric space under p-variation rough path metric. 
Technical details of geometric rough path spaces (as found e.g. in section 9 of |1U| ) will not be necessary for the understanding 
of the present paper. 
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We write (formally^) 



j f(r,Y r ,Z r )dr + j H(X r ,Y r )dC(r) - j Z r dW r 



(5) Yt = Z- 

Moreover, the solution mapping 

C*>-™([0,T],GW(R d )) x L^(T T ) -»> H$ T] x H^ T] , 

is continuous. 

The problem in showing convergence of the processes (Y n ,Z n ) in the statement of the theorem lies in 
the fact, that in general the Lipschitz constants for the correspondig BSDEs will tend to infinity as n —> oo. 
It does not seem possible then, to directly control the solutions via a priori bounds, a standard tool in the 
theory of BSDEs (see e.g. [5]). We will take another approach and transform the BSDEs corresponding to 
the smooth paths C™ into BSDEs which are easier to analayze. 

We start by defining the flow 



(6) <f>(t, x, y) = y + / ^iJ fe (ir,0(r,x,y))dC fc (?■•)• 

Jt k=i 

Let _1 be the y-inverse of 4>, then 

i-T d 

cf>- 1 (t,x,y) = y- / y2d v <l>- 1 (r,x,y)H k (x,y)dC k (r). 
Jt 



fe=i 



We have the following 



Lemma 4. Assume (Al), (A2), (Fl), (F2) and let H be Lipschitz on R" x E. Let £ e L°°(T T ) and a 
smooth path ( be given and let <p be the corresponding flow defined in ^ . Let (Y, Z) be the unique solution 
to the BSDE with data (£, /, H, Q. 
The, the process (Y, Z) defined as 

Y t :=4>-\t,X u Y t ), Z t :=- dxHt ' XuYt) a t + 1 -^Z t . 

satisfies the BSDE 

(7) Y t = £ + / /(r, X r , Y r , Z r )dr - / Z r dW r , 



where (throughout, (j) and all its derivatives will always be evaluated at (t,x,y)) 

f(t,x,y,z) := g-^{f (t,(j>,9 y (f>z + d x (jxTt) + (d x <f>,b t ) + ^ Tr [dxx<fat<rt] 

+ (z, {d xy (j)a t ) T ) + id^l^l 2 }. 

Remark 5. This (" Doss-Sussman" ) transformation is well known and has been recently applied to BDSDEs 
[3] and rough partial differential equations [9 . We include details for the reader's convenience. 



^The "integral" f H(X,Y)dC, is not a rough integral defined in the usual rough path theory (e.g. 1171 or 1101); regularity 
issues aside one misses the iterated integrals of X (and thus W) against those of f. For what it's worth, in the present context 
J5} can be taken as an implicit definition of f H(X, Y)d£. (Somewhat similar in spirit: Follmer's Ito's integral which appears 
in his Ito formula sans probabilite.) More pragmatically, notation (0 is justified a posteriori through our uniquess result; in 
addition it is consistent with standard BSDE notation when £ happens to be a smooth path. 
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Proof. Denoting ip := (j) 1 and 9 r := (r,X r ,Y r ), we have by ltd formula 



d 



il>(t,X t ,Y t )=Z- ^^(0 r )i/ fc (X r .,y r )C' £ (r)dr- / {d x iP(6 r ),b r )dr - / {d x ^{6 r ),a r dW r ) 



fe=i 



+ / a w V(^)/(r,y r ,^r)dr+ / ^9 y V(#r)#fc(^,n)C fe Mdr- / 0,,^(0 r )Z r dW r 
Jt Jt fe=1 

^ [^(^K<t^)] rfr - ^ y d vv ^(9 r )\Z r \ 2 dr~J^ (d xv i>(e r ),a r Zj)dr 
= t + j t [dy^(9 r )f(r,Y r ,Z r ) - (d x iP(6 r ),b r ) - ^Tr [a^(0 r K^] 



dr 



-J (d x iP(9 r )<j r + dyiP(9 r )Z r ,dW r ). 



Now, by deriving the identity x, x, y)) — y we get 

= + d y ipd x <j>, 

= ^jjV + 2d X yl/) <g> d X (j) + dyy1pd X <j) <g> <9 X + dy1p8 XX (j), 

1 = d v %l)d y 4>, 

= d xy ipd y (j> + d yy tpd x (j)d y 4> + d y tpd xy 4>, 

= dyylpidydj) 2 + Oy^Oyy^. 



And hence 



{dy<t>r dy<t>' d ^-{dy^ dA {dy^ 



d xx ip = 2 



{9y4>f 



® d x4> + ft x ^ 9x4> ® d x (f> - -^—d xx 4>. 



a, 



If we define 



Y t := ^{t,X t ,Y t ) = 4>-\t,X u Y t ), 
Z t := d x ^(t, X t , Yt)o t + d y iP(t, X t , Y t )Z t 

1 



= d x <f>(t,Xt,Y t ) ^ _ 

dy<f>(t,X t ,Y t ) at dy<f>(t,X t ,Y t ) 

and (ip and its derivatives are always evaluated at (t,x,(j>(t,x,y)), </> and its derivatives are evaluated at 
{t,x,y)) 



f(t,x,y,z) := dyipf ( t,<f>,d y <f>(z + ^!Z±) j _ (d x ip,b t ) - ^ Tr [d xx ipa t a 



z - d x ipa t 2 



z - d x ipa t 

dylp 



(t,<t>,dy<t>z + d x <po- t ) + (d x <f>, b t ) + ^Tr [d xx </><7i<7 

+ (Z, {d X y<jxJ t ) T ) + ^dyy^SfY 
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we therefore obtain 



Yt=t + l f(r,x,Y r , Z r )dr - / Z r dW r 



□ 



Definition 6. We call equation wif/i dafa (£, /, 0,0). 

The BSDE ((4]) only makes sense for a smooth path £. On the other hand, equation (J6j) yields a flow of 
diffeomorphisms for a general geometric rough path £ £ C p_var ([0, T], G' p '(R d )),p > 1. Hence we can, also 
in this case, consider the function / from the previous lemma. We now record important properties for this 
induced function. 

Lemma 7. Let p > 1, C G C p ~ var ([0, T], (R d )) and 7 > p. Assume fAiJ, (A2), (Fl), (F2) and (H p>1 ). 
Let <f> be the flow corresponding to equation (j6|) (now solved as a rough differential equation). Then the 
function 

(8) f(t,x,y,z) := ^{/ {t,<p,d y (j>Z + d x <txr t ) + {d x (/>,b t ) + - Tr [d xx (f)a t a^] 

+ (z, {d xy (j)a t ) T ) + ^9 ya 0|z| 2 | 

satisfies the following properties: 

• There exists a constant C\j > depending only on C a , Cb, C\j, Ch and | |CI lp-var;[o,T] such that 

\f(t,x,y,z)\ ^Crj + Culzl 2 , 
\dgf(t, x,y, z)\ <C ltf + C ltf \z\. 

• There exists a constant C un if > that only depends on C a , Cb, G2,/, Ch and I ICI |p-var;[o,T] such that 
for every e there exists an h e > that only depends on C a , Cb, Ch and ||C||p— var;[o,r] such that on 
[T — h e , T] we have 

dyf(t,x,y,z) < (7 U nif + s\z\ 2 . 

Proof, (i). Note that 

\f(t,x,y,z)\ < \^\(^\f (t^,dy^z + d^at) \ + \(d x (b,b t }\ + \^Tv [d^ataf] \ 

+ \(z,(d X y4>a t ) T )\ + \±d yy ct>\\z\ 2 ) 
< \-^\( C hf + Cij\d y <t>z + d x <jxj t \ 2 + \d x cj>\\b t \ + ^\d xx <f>\\* t *T\ 



+ \z\\d xy 4>a t \ + -\d. 



2 \~yy^t 



\z\ 2 



< 1^1(^1./ + Cij2(\d y ^\ 2 \z\ + \d x <f>\\ai |) + \d x <f>\\b t \ + -\d xx <f>\\a t \ 



+ \z\\d xy (t)\\(7j\ + ^\d yy (f>\\z\ 



~|2 



<C 1J + C 1J \z 

Here we have used (Al), (A2) and (Fl). For the boundedness of the flow and its derivatives we have used 
Lemma [B. 11 Note that C\j hence only depends on C CT , C, C%j, Ch and |CI lp-var;[o,T] ■ 



ROUGH BSDES 



7 



(ii). Note that 

\dzf(t, x, y,z)\ = \d z f (t, 4>, d y (j)z + d x (f>a t ) + -^—{d xy 4>a t + d yv (j)zj | 



< Cxj + C 1)/ (|^p| + \8 x (j>\\a t \) + \^4\\a t \ + \ 9v " 



dy(f> dy(j) 

Here we have used (Al), (A2) and (Fl). For the boundedness of the flow and its derivatives we have used 
Lemma IbTTI Note that again, C±j hence only depends on C ai Cb, Cij, Ch and ||C|| P -var;[o,T]- Without loss 
of generality we can choose it to be the same constant as in the estimate for (i) . 
(iii). Note that 

d (j) 1 
dyf(t,x,y,z) = -^^j2 {/ (t,<j),dy<t>z + d x (t><7 t ) + {d x 4>,b t ) + ^ Tr \d xx $o t ol\ 

+ (z, {d xy (t>a t ) T ) + ljd yy (j)\S\ 2 } 
+ -^-^{dy^dyf (t,(f>,d y (f)z + d x cf)<Tt) + (d yx (j>, b t ) + ^Tr [d yxx (f>a t (jj] 

+ (Z, (dy X y(j)<Jt) T ) + ljd yyy (j)\Z\ 2 y 

Hence using our assumptions on / we get 



dj(t,x,y,z) < \-^-\[c 2 j + C 2J \d y ct ) z + d x ^ t \ 2 + \d x <P\\b t \+ l -\d x A\\a t 



+ |z||d^|k| + i|c> OT ^||z| 2 } 
%f (t, cf),dy(f)z + d x <j)<Tt) + -^-^\\dyx4>\\bt\ + ]^\dy XX cj)\\(Jt\ 

+ (1 + \z\ 2 )\dy X y<l>\\a t \ op + ^dyyy^} 



< 



d, 



W) 2 



[c 2J + C 2J 2\d x ^\ 2 \a t \ 2 + \d x cl>\\b t \ + ^\d xx ^\\<j t \ 2 + Iflxv^lktl} 



+ d y f (t, <j), d y (j)z + d x <t>a t ) 

+ -^-^\\dy X (j)\\bt\ + 7^\d yxx (f>\\<Jt\ + \dy xy (j)\\<Jt\} 

+ ^|3„*lkn + a^53»»»0}lil 2 
+ ^ia„*lkn + ^53»»»*}|5| 2 . 

where C un ;f only depends on C a , Cb, Ch and ||C||p-var;[o,T] (here we have used Lemma [B.ll to bound the 
flow and its derivatives). 

By (Al), (A2) a and b are bounded. Then, by the properties of the flow, the term in front of \z\ 2 goes 
uniformly to zero as t approaches T. To be specific: using (H prf ) we obtain, again by Lemma fB. 11 that for 
every e > there exists an h e > 0, depending on C a , Cb, Ch and \C\ | p -var;[o,T] such that on [T — h e ,T] we 
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have 

dyf(t,x,y,z) < C unil + e\z\ 2 . 

□ 

We are now ready to prove Theorem [3] 

Proof of Theorem^ For the sake of unified notation, the (rough BSDE) solution process (Y,Z) will be 
written as (Y°, Z°) in what follows; similarly, the involved rough path £ will be written as £ . 
1. Existence For n = 0, 1, . . . denote by 4> n the flow of the ODE 

4> n (t, %,y) = V + J H(x, 4> n {r, x, y))d( n (r). 

(For n — we mean the rough differential equation driven by C° )■ 

By Lemma lB.l| we have for all n > 0, x £ W 1 , that (f> n (t,x,-) is a flow of C 3 -diffeomorphisms. Let 
ip n (t,x, ■) be its y-inverse. We have that (j) n (t, •, •) and its derivatives up to order three are bounded (Lemma 
IB.ip . The same holds true for i() n (t, •, •) and its derivatives up to order three. 

Moreover, by Lemma fB. 2 1 we have that locally uniformly on [0,T] x R™ x K 

(9) (0^ T^ ^-,5^ r ^a y ,0 r ^9^",5 :C ^ r ^9, ;C 0") -> ^^^^y^^yy^^d^^d^^dy^). 

OyCfl dyCp 

Denote for n > the function 



f n (r,x,y,z) := ^-{f (t, 0", dytfTz + d x <f> n <r t ) + (d x 4> n ,b t ) + \ Tr [d xx <f> n a t a 

+ (z,(d xy <f> n a t ) T ) + \d yv r\S\ 2 }. 
Now, we have seen above that for n > 1, the process 
(f",Z n ) :=i"(y™,Z") 

:= ((^ ( .,x,n-aHM g ■ 



a y ^(-,x,(^)-i(-,x,r«)) ' 3/(,x,(f)-i(.,i,F«)) 

solves the BSDE with data (f , /", 0, 0). 

Note that although 0, 0) is a quadratic BSDE, existence and uniqueness of a solution are guaranteed 

for n > 1 by the fact that the mapping L n is one to one and by the existence of a unique solution to the 
untransformed BSDE (Theorem 2.3 and Theorem 2.6 in [12]). 

For n — 0, by the properties of f° demonstrated in Lemma [71 there exists a solution (Y°, Z°) G H^ T ^ x 
TJjp T j to the BSDE with data (£, /°, 0, 0) by Theorem 2.3 in [T^]. Note that it is a priori not unique, but we 
will show that it is at least unique on a small time interval up to T. 

We now construct the process (Y°,Z°) of the statement on subintervals of [0,T]. First of all notice that 
we can choose the constant C\j appearing in Lemma [7J uniformly for all n > 0. Let M := ||£||oo + TC\j. 
By Corollary 2.2 in [T2] we have 

(10) Halloo <Af, n>0. 

Now by Lemma [JJ 

• there exists C\j > that only depends on C a , Cb, C%j, Ch and |CI lp-var;[o,T] such that 

|/ D (t,a;,y ) z)|<Ci, / +C'i, / |2 ! | 2 , 
\dj°(t,x,y,z)\ < C 1>f + C lif \z\. 
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• There exists a constant C U nU > that only depends on C a , Cb, C2,/, Cr and ||Cllp-var ; [o,T] such that 
for every e there exists an h e > that only depends on C a , Cb, C'h and | |CI lp-var ; [o,T] such that on 
[T - h e , T] we have 

d y f°(t,x,y,z) < Cunif + e\z\ 2 . 
Hence we can choose h = h s ^ i f M y such that for t 6 [T — h,T] we have 

d y f(t, x, y, z) < <5 unif + 5(C li/; M)|z| 2 . 



Here d is the universal function given in the statement of Theorem IA.2I We can then apply Theorem IA.2I to 
get uniqueness of our solution (Y°, Z°) on [T — h, T]. Now, as a consequence of ([9]) we have 

/ ™ f uniformly on compacta. 

Hence, by the argument of Theorem 2.8 in [12] we have that on [T — h,T] 

Y n Y° uniformly on [T - h, T] 

(11) Z"^Z° mHf T _ KT] . 

Moreover, if we define 

Y t ° :=4>°(t, x t ,yf), te[T-h,T\, 

d x <j>°(t,X t ,Y t °) 



a.s., 



Z?:=d y t°(t,X t ,Y t °) 



and remembering that by construction 



d y( f>°(t,X t ,Y t °) 



te[T-h,T], 



Y! 



<p n (t,X t ,Y t n ), 



Z? = d y cf> n (t,X t ,Y t n ) 



dA n {t,x u Y t n ) 
d y 4> n (t,x t ,m 



and using 
(12) 



we get 



Y n -> Y° uniformly on [T - h, T] 
Z n -> Z° in Hf T _ h T] . 



Let us proceed to the next subinterval. To make the rough path disappear in the BSDE, we will use a 
similar transformation via a flow as above. As before we need to control the resulting driver of the transformed 
BSDE, as well its derivatives. For this reason we have to start the flow anew. First, we rewrite the BSDEs 
for n > 1 as 



1 t — x T-h 

..T-h 



f(r,Y r n ,Z?)dr 



T-h 



H(X r ,Y r n )dC~ 



T-h 



Then define the flow 

(j) n ' T ~ h (t,x,y) =y + 
On [0, T-h] define 

n,T-h ^n.T-h\ // in.T-h \ - 1 



started at time T — h, i.e. 

T-h 

H(x, (/) n ' T ~ h (r, x, y))d( n (r) 



Z?dW r 



t<T-h. 



(Y. 



((^ J -' 1 )- 1 (-,x,r»), 

d^-\,X.,{^ T - h )-\-,X.,YP')) 



,T-h 



(,X 



k n,T-hs-i 



)- 1 (-,^.,r«)) 



-a. 



,T-h 



(;X.,i 



,n,T-h\-i 



)- l (;X,Y. n )) 



Z n ). 



Then 



-Crn,T—h v n 

1 t — I T-h 



T-h 



f n ' T ~ h {r, X r , Y?< T - h , Z^ T ~ h )dr 



T-h 



Z^ T -' l dW r , 
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where 



r' T - h (t,x,y,z) := - ~^h {f (t,cl> n ' T - h ,d y <t> n ' T - h z + d x cl> n > T - h a t ) + (d x ^ T - h ,bt) 



d xx 4> 



n,T-h T 

<?t<r t 



(5, {d xv cj>^- h a t ) T ) + \d yy ^ T - h \z\ 2 }. 



This BSDE is also defined for n — and as before we get via Lemma [7] for the same ft and the same C\j 
and Cunif as before (here the explicit dependence of these constants is crucial), that on [T — 2ft, T — ft] we 
have 

d y f°' T - h (t,x,y,z) < Cunif + 6(C 1J ,M)\z\ 2 . 

Hence we can apply Comparison Theorem IA.2I to get uniqueness of our solution (Y°> T ~ h , Z 0,T ~ h ) on 
[T — 2ft, T — ft]. Now, also note that for the terminal value we have from ([T2j) and (fTO]) 



Y2- h ^Y$_ h r-a.8., 



Zj m ti[ T _2h,T-h]- 



\Y£_ h \<M, n>l. 

Hence, again by the argument of Theorem 2.8 in [12] 

yn,T~h ^ ya,T-h uniformly on [ T _ 2h, T - ft] P - a.s. 

2>n,T-h 

Finally, reversing the transformation, we get as above 

Y n -)• Y° uniformly on [T - 2ft, T — h] P - a.s., 

Z n -> Z° in ^[T-2/i,T-/i] ■ 

Then, we can iterate this procedure on suberintervals of length ft up to time 0. Without loss of generality 
we can assume that T = Nh for an N E N. Then, patching the results together we get 

N 

sup\Y t n -Y t °\<J2 sup \Y t n -Y t °\^0 P-a.s. 



and 



E 



fc=l (k—l)h<t<kh 



\Z?-Z»\ J dr 



N 



fc=i 



kh 



\Z?-Z?\ 2 dr 



(fe-l)h 



0. 



2. Uniqueness 

Let C , n > 1 be another sequence of smooth paths that converges to C in p- variation. Let (Y n ,Z n ) be 
the solutions to BSDEs with data (£, f,H,( ). Then, as above 

y™ f uniformly on [T — ft, T] P — a.s., 

Z n -> Z° in if [T _ h]T] . 

F™ -> y° uniformly on [T — ft, T] P — a.s., 

Z n -> Z° in if[ X _ A)T ] • 



And hence 



^ Note that Theorem 2.8 in |12| demands convergence in L°° of the terminal value. A closer look at the proof though, reveals 
that P-a.s. convergence combined with a uniform deterministic bound (M in our case) is enough. To be specific: the convergence 
of the terminal value is only used at two instances for Theorem 2.8 and this is in the proof of Proposition 2.4 (which is the main 
ingredient for Theorem 2.8). Firstly, it is used on p. 568, right before Step 2 where it reads "By Lebesgue's dominated . . .". 
Secondly, it is used on p. 570, before the end of the proof where it reads "from which we deduce that . . . " . In both cases, the 
above stated requirement is enough. 
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Note that the choice of h in the proof of existence only depended on properties of the limiting function 
/ , so we can use the same value here. One can now iterate this argument up to time to get 

Y n -> Y° uniformly on [0, T] P — a.s., 
Z n — > Z® in iJjQ j.j , 

as desired. 

3. Continuity of the solution map 

We note that for a given B > 0, all terminal values £ such that |£| < B and all geometric p- rough paths 
with | |CI lp-var:[o.T] < B we can choose an h = h(B) > such that the above constructed unique solution 
(Y°,Z°) to the BSDE © is given by 



Y> = { 



' ^ T (t,X t ,Y t T ), te[T-h,T], 

^ T - h (t,X u Y t T - h ), te[T-2h,T-h], 



,0,h 



(t,x t ,Y t h ), te[o,h], 



r) rh°' T (t X V°> T \ \7°' T I d *' t > ' T ( t ' Xt rt'; T ) „ 1 4- ez \T hT] 

d y <t> (t,X t ,Y t )\Z t + -^—^ a t , t€[l-h,l\, 



Z?=< 



iO,T-h 



(t,X u Y t °' T - h ) 



?0,T-h d^°' T - h (t,X t .Y t °' T - h ) ' 
* + d v ^ T - h (t,X t ,Y t °' T - h ) at _ 



, t € [T-2h,T-h], 



d y <f>°< h (t,X t ,Y t °> h ) 



Z 



0,h , d :r 4> ' h (t,X t .Y°' h ) 

t + dy4>"- h (t.X t ,Y t U -' l ) at _ 



t€[0,h], 



where we used the unique solutions to the following BSDEs 



yO,T = 



CrO,T-h ,0,T 



Y, 



t + [ f°' T (r, X r , Y®' T , Z^ T )dr - £ Z^ T dW r , 

(T h, X T . h , Y°' T h ) + J^' 1 f°< T - h (r, X r , Y r °' T ~\ Z^ T - h )dr - J™ Z^ T ~ h dW r , 



Y 



°> h -- 4> a > 2h {h, X h ,Y^ 2h ) + ^ f°> h (r, X r , Y r °> h , Z° r > h )dr - j" Z° r ' h dW r 



From this representation and stability results on BSDEs (Theorem 2.8 in [T^]) it easily follows that the 
solution map 

C*- w ([0,T\,GW(R d )) x L°°(T T ) H$ T] x Hf 0>T] 
is continuous in balls of radius B. Since this is true for every B > we get the desired result. □ 



3. The Markovian Setting - Connection To Rough PDEs 

We now specialize to a Markovian model. We are interested in solving the following forward backward 
stochastic differential equation for (to,xo) £ [0, T] x M" 



X 



ta,xo 



x+f a(r,X t r °> X0 )dW r + [ &(r,X* 0,:c °)dr, t E [t ,T], 











(13) 



Y t to ' Xo = g{X^' Xa ) + J f(r,X?* ,Y?°' X0 ,Z*>> X0 )dr 

+ J H(X^' Xo ,Y^' Xo )dCr -J Z^dWr, te[to,T]. 
Here a : [0, T] x K™ -> W nxm , b : [0, T] x R" — s> M™, / : [0, T] x R" x R x R m are continuous mappings. 
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Assume for the moment that £ is actually a smooth path. Then this is connected to the PDE 
d t u(t, x) + ^ Tr[a(t, x)a(t, x) T D 2 u{t, x)] + (b(t, x), Du(t, x)) 

(14) + f(t, x, u(t, x),Du(t, x)a(t, x)) + H(x, u(t, x))( t = 0, t G [0, T), x G E'\ 
u(T,x)=g(x), xeR n . 

We will make this connection explicit after introducing the following adaption (and strengthening) of 
previous assumptions for the Markovian setting: 

(MAI) There exists a constant C a > such that for (i, x) G [0, T] x E" 

\<r(t,x)\ < C a , 
\d Xi a(t, x)\ < C a , i = l,...,n. 
(MA2) There exists a constant C b > such that for (t, x) G [0, T] x R" 

\b(t,x)\ < C b , 
\d x b(t,x)\ < C b . 

(MF1) There exists a constant dj > such that for (t, x, y, z) £ [0, T] x R™ x R x E™ 

\f(t,x,y,z)\ < C-ij, 
\d z f(t,x,y,z)\ < Cij. 

(MF2) There exists a constant C 2 j > such that such that for (t, x, y, z) G [0, T] x M" x E x M" 

d y f{t,x,y,z) < C 2 j- 

(MF3) There exists a constant C 3J > such that such that for (i, y, z) G [0, T] x I" x 1 x E" 

d x f(t 1 x,y,z)<C 3J + C 3 ,f\z\ 2 , 

and / is uniformly continuous in x, uniformly in (t,y, z). 
(MG1) g is bounded and uniformly continuous. 

We again consider for a smooth (or rough) path ( the flow 

~t d 

(15) <p{t,x,y)=y+ ^ff fe (x,0(r ja; ,y)R fc (r). 

Jt k=i 

In what follows BUC([0,T] x E n ) (resp. BUC(W)) denotes the space of bounded uniformly continuous 
functions on [0,T] x E™ (resp. E") with the topology of uniform convergence on compacta. 

Proposition 8. Assume (MAI), (MA2), (MF1), (MF2), (MF3), (MG1) and let H be Lipschitz on E" x E. 
For every (t ,x ) e [0,T] x E™ let (Y to > x °, Z to ' Xo ) be the solution to CE3|) Then u(t,x) := r/^ is a viscosity 
solution to (|14p m _BC/C([0,T],E n ). If is the only viscosity solution in this space. 

Proof. The fact that u is a bounded, uniformly continuous viscosity solution follows from Proposition 2.5 in 
[1] . Uniqueness of a viscosity solution to (|14l) follows from Theorem IC.ll □ 

Let now p > 1, = 1>2, be smooth paths in R d and 7 > p. Assume £™ — > C° m p-variation, 

for a C° G C* p - var ([0,T],G[ p ](E d )). Assume (MAI), (MA2), (MF1), (MF2), (MF3), (MG1) and (H pn ), so 
that especially Theorem [3] holds true. It follows that the corresponding u n (as given in Theorem [S]) converge 
pointwise to some function u°, i.e. 

u n (t,x) -+u°(t,x) t G [0,T],x GE n . 

Again, the limiting function it does not depend on the approximating sequence, but only on the limiting 
rough path £°. We could hence define this u° to be the solution solution to (fl"4"]) . But it is not straightforward, 
via this approach, to show uniform convergenc on compacta as well as continuity of the solution map. We 
hence work directly on the PDEs, as in [5] and [5]. First we get the respective versions of Lemma U and 
Lemma [7J 
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Lemma 9. Assume (MAI), (MA2), (MF1), (MF2), (MG1) and let H(x,-) = (H x (x, •),..., H d (x, •)) be a 
collection of Lipschitz vector fields on R. Let a smooth path ( be given. Let u be the unique viscosity solution 
to CH]). 

Then v(t,x) := </> -1 (i, x, u(t, x)) is a viscosity solution to 

d t v(t, x) + ^ Tr[a(t, x)a(t, x) T D 2 v(t, x)] + (b(t, x),Dv(t, x)) 

+ f(t, x, v(t, x),Dv(t, x)a(t, x)) = 0, t G [0, T),x 6 R n , 
v(T,x)=g(x), ier, 

where (in what follows the <f> will always be evaluated at (t,x,y)) 

f(t, x 7 y, S) = {/ (t, (j), d y (j)z + d x <po-(t, x)) + (d x <f>, b(t, x)) + ^ Tr [d xx <pa(t, x)a(t, x) T ] 
+ (z, (d xy cj)o-{t,x)) T ) + ^d vv (j>\z\ 2 y 
Proof. This is an application of Lemma 5 in [9] . □ 

Lemma 10. Let p > 1, C € C p " var ([0, T], G [p] (R d )) and 7 > p. Assume (MAO), (MAI), (MA2), (MF1), 
(MF2), (MF3), (Gl) and (H p ~). Let 4> be the flow corresponding to equation (|15|) (solved as a rough 
differential equation). Then 

f(t, x, y, z) = ^ {/ (t, d y (f>z + dx<f>a(t, x)) + {d x <j>, b(t, x)) + ^ Tr [d xx (f>a(t, x)a(t, x) T ] 

+ {Z, (d X y(f>0-(t, X)) ) + -dyy(j)\z\ j 

satisfies: 

• There exists a constant Cij > depending only on C a , Cb, C\j, Ch and ||C||p-var;[o,r] such that 
for (t, x, y, z) e[0,T]xl"xIx R" 

\f(t,x,y,z)\ ^Cxj + C^zf, 
\dj(t,x,y,z)\ <Cij + C ltf \z\. 

• There exists a constant C un if > that only depends on C a , Cb, C2,/, Ch and | |CI lp-var;[o,T] such that 
for every e > there exists an h £ > that only depends on C a , Cb, Ch and ||Cllp-var:[o,T] such that 
for (t, x, y, I) G [T - h £ , T] x R" x R x R" 

dyf~(t,x,y,z) < Cunif + e\z\ 2 . 

• There exists a C^j > that only depends on C a , Cb, C2,/, C^j, Ch and ||C||p-var;[o,T] such that for 
(t,x,y, z) G [0,T]'x R" x R x R" 



dj(t,x,y,z) < C 3J +C 3J \z\ 2 . 
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Proof. The first three inequalities follow as in Lemma [7j Now for i < n we have 
9xJ{t,x,y,z) 

= -d Xiy (f>—f(t,x,y,z) 

0\ 



1 



d y f(t, x, 4>, d v (j)z + d x <jxr(t, x))d Xi <j> 



So 



+ d z f(t, x, cf>, d y (f>z + d x (f>a(t, x)) (d Xty (f>z + d XiX (/)a(t, x) + d x cj>d Xi a{t, x)) 
+ (d XiX (j),b{t,x)) + (d x (j),d Xi b(t,x)) 

+ ^ Tr [9 Xi xx<h(t, x)a(t, x) T ] + ^Tr [d xx ^)d Xi a(t,x)a(t,x) T ] + ~ Tr [d xx <f>a(t,x)d Xi a(t,x) T ] 
+ {z, (d XiXy (f>a(t, x)) T ) + (z, (d xy (j)d Xi a(t, x)) T ) + ^d Xzyy (j)\z\ 2 



\d x J(t,x,y,z)\ 
< \d Xt y<P\\-^\\f(t,x,y 7 S)\ 



1 



0„ 



\dyf(t,x,(/),d y (pz + d x <j)a{t,x))\\d Xi cj)\ 



+ \d z f{t,x,(j),dy4>z + d x ^o-(t,x))\ {\d XiV (j)\\z\ + \d XiX cf)\\a(t,x)\ + \d x (j>\\d Xi a(t,x)\) 
+ \(d XiX (p\\b{t,x)\ + \d x (p\\d Xi b(t,x)\ 

+ 7;\dx iXX (i>\\o-{t,x)\ 2 + \d xx (/)\\d Xi a(t,x)\\a(t,x)\ 



1 



~|2 



+ \z\\d XiXy (f>\\a(t,x)\ + \z\\d X y<f>\\d Xi a(t,x)\ + -z\d Xiyy <t>\\z 
<C 3J + C 3J \S\ 2 

with a constant C$j only depending on C a , C%j, C3,/, Cu and ||Cllj>-var;[o,T]- Here we have used the 
first inequality of the statement to bound /, (Fl), (F2) to bound the y and z derivative of / and Lemma IB. II 
to bound the flow and its derivatives. 

Now summing over i we get the desired result. □ 

Theorem 11. Let p > 1, 7 > p and let £" , n = 1, 2, . . . be smooth paths in M. d . Assume 

in p-vamation, for a C E C p - var ([0, T], (R d )). Assume (MAI), (MA2), (MF1), (MF2), (MF3), (MG1) 
and (H Pl -y). Let u n £ BUC([0,T] x K") be the solution to (|14j) with driving path £™ (Theorem^. Then there 
exists au 6 2?[/C([0, T] x R"), only dependent on C, but not on the approximating sequence Cj 1 , such that 

u n u locally uniformly. 

F We write (formally) 
~1 



du 



Tr[cr(t, x)a{t, x) 1 D 2 u(t, x)] + (b(t, x), Du(t, x)) + f{t, x, u(t, x), Du(t, x)o~(t, x)) 



dt 



(16) + H(x lU (t,x))dC{t) =0, t e (0, T),x £ 1", 

u(T,x)=g(x), 
Furthermore, the solution map 

C p - vai ([0,T],G^(R d )) x BUC(R n ) -> BC/CQO,! 1 ] x M"), 



ROUGH BSDES 



15 



is continuous. 

Remark 12. Equations like (|16[) have been considered in The setting there is more general in the sense 
that the vector field in front of the rough path is allowed to also depend on the gradient. On the other hand, 
f is independent of the gradient and H is linear. 

For the proof we apply the same ideas as in the proof of Theorem 1 in |5|. Since comparison on the entire 
interval [0,T]zs a subtle issue, we mimick our analyis of the BSDE case (Theorem^) and proceed on small 
intervals; a similar remark was made in Lions- Souganidis [14) . 

Proof. For the sake of unified notation, the (rough PDE) solution u will be written as u° in what follows; 
similarly, the involved rough path £ will be written as £ . 
1. Existence 

Let (j) n , n > be the (ODE, resp. RDE when n = 0) solution flow 

<f> n {t,x,y) = y + J H{x,4> n {r,x,y))dC{r). 

Then, by LemmaO for n > 1, u n is a solution to (fT4")l if and only if v n (t,x) := (c/) rl )^ 1 (t,x,u n (t,x)) is a 
solution to 

d t v n (t,x) + ^Tr[a{t,x)o-{t,x) T D 2 v n (t,x)} + (b(t,x), Dv n {t,x)) 

(17) + f n (t,x,v n {t,x),Dv n (t,x)cr(t,x)) = 0, t G (0, T), x G M", 

v n {T,x)=g{x), xel", 

where 

f n (t, x, y, z) = ^r{/ (t, 4> n , d y 4> n S + d x <j> n <j{t, x)) + (d x cf> n , b(t, x)) + 1 Tr [d xx ct> n a{t, x)<r(t, x) T ] 

+ (z, (d xy cb n <j(t,x)) T ) + l -d yy 4> n \z\ 2 ). 

In the proof of Theorem [3] we have already seen that /" — > f°, locally uniformly. From the method of 
semi-relaxed limits (Lemma 6.1, Remark 6.2-6.4 in [5]), the pointwise (relaxed) limits 

v a := limsupw™, v° := liminf v n , 

are viscosity (sub resp. super) solutions to (fT7| with n — 0. Here we have used the fact, that v° and w° are 
indeed finite, say bounded in norm by M > 0. This follows from the Feyman-Kac representation (Theorem |8]) 
for each u n , in combination with bounds (uniform in (to,xo) and n) on the corresponding BSDEs (Corollary 
2.2 in [H]). (Although not completely obvious, such uniform bounds can also be obtained without BSDE 
arguments; one would need to exploit comparison for (|14p . and then (fTT)) . clearly valid when n > 1, with rough 
path estimates for RDE solutions which will serve as sub- and super-solutions without spatial structure.) 

By Lemma [TU] the function f° satisfies the conditions of Theorem ID. II Hence the PDE (|T71) for n = 
satisfies comparison on [T — h, T] for h sufficiently small, and h only depends on M and the constants C un if , 
Cij and C 2 j for /° given by Lemma HUl So v°(t,x) := v°(t,x) = v°(t,x),t G [T — h,T] is the unique 
(and continuous, since v,v are respectively upper resp. lower semi-continuous) solution to (|17|) with n = 
on [T — h,T]. Moreover, using a Dini-type argument (Remark 6.4 in [6]), one sees that this limit must be 
uniform on compact sets. Undoing the transformation, we see that u n — > u° locally uniformly on [T — h,T], 
where u°(t,x) := (j>°(t,x,v a (t,x)), t G [T - h,T}. 

We proceed to the next subinterval. We use the same argument as above, we just work with a different 
transformation. For n > let (f> n ' T ~ h be the solution flow started at time T — h, i.e. 

r> T -' l (t, x, V)=V + [ H(x, <l> n ' T - h (r, x, y))dC(r). 
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Then, for n > 1, w"|[o,t-/i] is a solution to 

d t u n (t, x) + ^ Tr[a(t, x)a(t, x) T D 2 u n {t, x)] + (b(t, x), Du n {t, x)) 

+ f(t, x, u 1l {t, x),Du n (t, x)a(t, x)) + H(x, u n (t, x))( r = 0, t G [0, T - h], x G K", 
u(T - h, x) = (j) n {T - h, x, v n (T - h, x)), x G E™. 

if and only if v n ' T - h (t, x) := (4> n - T ^ h )- 1 (t,x,u n (t,x)) is a solution to 

d t v n ' T - h (t, x) + i Tr[a(t, xf D 2 v n ' T - h (t, x)] + (b(t, x), Dv n ' T ' h (t, x)) 

+ f n ' T ' h (t, x, v n > T - ,l {t, x), a(t, x)Dv n ' T ~ h (t, x)) = 0, t G (0,T - h), x G K", 
v n ' T - h (T, x) =4> n (T~ h, x, v n (T - h, x)), x G E", 

where of course f n ' T - h is defined as /" was, with 0™ replaced by <fi n ' T ~ h . 

Now we have already shown that the terminal values of these PDEs converge, e.g. 

<f> n (T - h, ■, v n (T - h, ■)) -> <j>(T - h, -,v(T - h, ■)), locally uniformly. 

As before, one also shows that f n - T ~ h — > f°' T ~ h , locally uniformly. By Theorem lD.il we againget comparison, 
now on [T — 2h,T — h], and hence again via the method of semi-relaxed limits we arrive at|j 
v n,T-h _^ v o,T-h locally un if orm iy on [T - 2h, T - h] x E". 

Hence u n — > u° locally uniformly on [T — 2h, T — h], where u°(t, x) = 0° :T_/l (i, x, v°' T ~ h (t, x)). Iterating this 
argument up to time we get 

u n -> u° locally uniformly on [0, T] x E", 

where u° is defined on intervals of length h as above. 
2. Uniqueness, Continuity of solution map 

Uniqueness of the limit and continuity of the solution map now follow by the same arguments as in the 
proof of Theorem [H adapted to the PDE setting. □ 

4. Connection To BDSDEs 

Let n 1 = C([0,T],E d ), il 2 = C([0,T],E m ), with the respective Wiener measures P\ P 2 on them. Let 
Q = Q 1 x ft 2 , with the product measure P := P 1 ®P 2 . For (w 1 ,^ 2 ) G ft let B^ 1 ,^ 2 ) = uj 1 be the coordinate 
mapping with respect to the first component. Analogously W^ 1 ,^ 2 ) — uj 2 is the coordinate mapping 
with respect to the second component. In particular, B is a d-dimcnsional Brownian motion and W is an 
independent m-dimensional Brownian motion. 

Define T t := Tf T V where Tf T := a(B r : r G [t,T]), T^ t := a{W r : r G [0,*]). Note that T is not 
a filtration, since it is neither increasing nor decreasing. In this setting, Pardoux and Peng [18] considered 
backward doubly stochastic differential equations (BDSDEs). An J 7 - adapted process (Y, Z) is called a solution 
to the BDSDE 



(18) y '" $ + / f( r > Y r< Z r) dr + J H(X r ,Y r )odB r - J Z, 



dW r 



if E[sup t < T |Y t | 2 ] < co, E[/ Q \Z r \ 2 dr] < oo and (Y, Z) satisfies P-a.s. (3J| for t < T. 

Under appropriate (essentially Lipschitz) conditions on / and H they were able to show existence and 
uniqueness of a solution. @ 

The connection to BSDEs with rough driver is given by the following 



Lemma 6.1 in [6] does not take into account converging terminal values. But the result is immediate: the relaxed limit is 
a sub resp. super solution by Lemma 6.1 and their terminal value is exactly the limit of the given converging terminal values. 

° Pardoux and Peng considered equations, where the Stratonovich integral was actually a backward integral. But if H is 
smooth enough, the formulations are equivalent. See also Section 4 in [3]. 
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Theorem 13. Let p G (2, 3), 7 > p. Let £ G L°°(Ft)- Let f be a random function satisfying (Fl) and (F2). 
Moreover, assume (Al), (A2) and (H pr( ). 

Then by Theorem 1.1 in |18) there exists a unique solution (Y, Z) to the BDSDE 

Y t=Z + f t f(r,Y r ,Z r )dr + J H(X r , Y r ) o dB r - J Z r dW r . 

Let B t = exp(B t + A t ) be the Enhanced Brownian motion ( over B)^\, especially B £ CQ~ var ([0, T], G 2 (R d )) 
P 1 a.s.. By setting B = on a null set, we get B G CQ _var ([0, T], G 2 (R d )). By Theorem{3\ we can, for every 
uj 1 G ft , construct the solution to the BSDE with rough driver 



y>\ •)*=£(•)+ y f{r,Y^,Z r /)dr + J HiX^Y^WdBriu 1 ) 
Z r P(w\-)dW r (-), t 6 [0,3*1. 



VKe i/ien ftaue /or P 1 — a.e. w 1 i/iat P 2 - a.s. 

f t (a; 1 ! 0=^ r V>-) ! *<T 

and 

Z t («V) = ^(w 1 ,-), dt®P 2 a.s.. 

Proof. As in the proof of Theorem [3[ in the BDSDE setting, one can transform the integral belonging to the 
Brownian motion B away. In [3] it was shown, that if we let <fi be the stochastic (Stratonovich) flow 

4>(u 1 ',t,y) = y + [ H^u 1 ; r, y)) ° dB r {u l ), 



then with Y t := 4> {t, Y t ), Z t := d Z t we have P-a.s 



(19) Ytiuj 1 ,^) =£(u?*)+J f(uj\uj 2 ;r,Y r (uj\uj 2 ),Z r (uj\uj 2 ))dr ~ J Z r (uj\uj 2 )dW r (uj 2 ), t<T. 
Here 

/(^\w 2 ;i,x,2/, z) := (uj 2 ;t,(l),dy(j)z + ^</>o- t ) + {d x <p,b t ) + 7^ Tr [d xx (/)o-to-J] 

+ (z, (d xy (j>o-t) T ) + 7jd V y<f>\S\ 2 y 

where tf> and its derivatives are always evaluated at (cu 1 ;x,y). Especially, by a Fubini type theorem (e.g. 
Theorem 3.4.1 in [2]), there exists fij with P 1 (f2j) = 1 sucn tnat f° r ^ e ^0 equation ([19]) holds true P 2 a.s.. 
On the other hand we can construct a; -wise the rough flow 

^(u; 1 ; t, y)=y+ T H{^{w\r, y))<m r {u l ). 



Assume for the moment that we have global comparison, so that we can solve the transformed BSDE 
uniquely, i.e. for every uj 1 G Cl , we have P 2 a.s. 



T 

1 , ,2\JTJ7 /, ,2\ 



Z r /{uj\Lo 2 )dW r {uj 2 ), t<T, 



is precisely d-dimensional Brownian motion enhanced with its iterated integrals in Stratonovich sense; it is in 1 — 1 
correspondence with Brownian motion enhanced with Levy's area; exp denotes the exponential map from the Lie algebra 
R d © so(d) to the group, realized inside the truncated tensor algebra. See e.g. section 13 in |10l for more details. 
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where 

r(u\u 2 ;t,x,y,z) := ("V, f p ,d v 4> rp z + d x f p a t ) + (Wt) + I Tr [fl^A^ 

+ (5,(9 ;c ^'-V t ) T } + ^ ra ^|f| 2 }, 

where and its derivatives are always evaluated at (uj 1 ;x,y). It is a classical rough path result, that there 
exists fl\ with P 1 (r2}) = 1 such that for uj 1 £ we have 

Combining above results we have for ui 1 £ Oq n fi} that P 2 a.s. 

F t ( W 1 ,.)=if(a; 1 ,-),*<T, 

and 

Z t (wV)=-Zi P (wV)i rfi«>P 2 a.s.. 

Now, since comparison does not necessarily hold globally, we must argue differently. Define A k :— {lu 1 £ 
ft 1 : ||B(oj 1 )|| p _ var < k}. Then on A k we have for an h = h(k) > comparison on [T — h,T], and we argue 
on subsequent intervals as above. Now, since P(UA k ) = 1, we get the desired result. □ 

Appendix A. Comparison for BSDEs 

Definition A.l. Let £ £ L 00 ^?), W an m-dimensional Brownian motion and / a predictable function on 
Q x R+ x M x R m . 

We call an adapted process ( Y, Z, C) a super solution to the BSDE with data (£, /) if Y £ H^ T ^ , Z £ H? T j , 
C is an adapted right continuous increasing process and 

Y t =i + J f(r,Y r ,Z r )dr - J Z r dW r + J dC r , t <T. 

We call (Y, Z, C) a subsolution to the BSDE with data (£, /) if (Y, Z, —C) is a supersolution. 

The following statement as well as its proof are based on Theorem 2.6 in |12) . 

Theorem A. 2. There exists a (universal) strictly positive function 8 : — > (0, oo) such that the following 
statement is true. 

Let (Y 1 , Z 1 , C 1 ) be a supersolution to the BSDE with data (£ Let (Y 2 , Z 2 ,C 2 ) be a subsolution to 

the BSDE with data (£ 2 ,/ 2 ). Let M £ M+ be a bound for Y 1 and Y 2 , i.e. 

Halloo, ||^ 2 ||oo <M. 

Assume that P-a.s. 

f\Y t \Z l t )<f{t,Y t \Zl\ Vie[0,T], 

e < e. 

Assume that there exist constants C > 0,L > 0,K > such that for (t, y, z) £ [0, T] x [— M, M] x R m 

\f 2 {t,y,z)\ < L + C\z\ 2 P-a.s., 

\d z f 2 (t,y,z)\ < K + C\z\ P-a.s. 
Assume that there exists a constant N > such that for (t,y,z) £ [0,T] x [—M,M] x R m 

(20) d y f 2 (t,y,z) < N + S(C,M)\z\ 2 P-a.s. 
Then P-a.s. 

(21) < Y 2 , 0<t< T. 
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Remark A. 3. We note that, as in Theorem 2.6 of [12j . the assumptions could be weakened by replacing the 
constants L,K,N by deterministic functions l t G L (0,T),fct G L 2 (0,T) and n t G L (0,T). 

In our application of Theorem \A.2\ in the proof of Theorem^ condition (|20[) is not satisfied on [0,T]. But 
we are able to choose h > small enough, such that it is satisfied on [T — h,T]. Comparison (1211) then holds 
on [T — h,T\. 

Proof. 1. Let A > 0, B > 1 be constants, to be specified later on. We begin by constructing several functions, 
whose good properties we will rely on later in the proof. Define 



1 / e XB v + i 

i{y) ■= i\,b{v) '■= j lo s ( — £ — 



- M, y G K. 



Then 



7 _1 (y) = ^iog (Bt 



Kv+m) 



i , i{y) = B 



i 



XBy ■ 



Denote g(y) := e-Ma+M^ then < g < 1, on [-M, M]. Define 

:= 7'(7 _1 (y)) = S - 

Then 

«/(!/) = A. 9 (y), - -A 2 . 9 (y), 

w'(y) = AfffeQ w"(y) = -X 2 g(y) 
w(y) B-g(y)' w(y) B — g(y) 
In particular w > on [— M, M]. 

Define a(y) := 7 _1 (y). Then, since (Y 1 , Z 1 ,C r ) is a supersolution to the BSDE with data (£ , J 1 ), Ito 
formula gives 

a^ 1 ) = a(Yj) - [ a'(Y r 1 )f 1 (r,Y r \Zl)dr+ f a'(Y^)Z^dW r - f a'{Y r 1 )dC r + f a" (Y^)\Zl\ 2 dr. 
Jo Jo Jo Jo 

Define 

Z 1 Z 1 

Y 1 :=a{Y 1 ), Z 1 

and 



1 



y(fi) wiY 1 )' 
1 



/ 1 (^7(y),7'(y)^) + ^7"(y)|5| 2 



Since a' > we have that (T 1 , Z 1 , J Q a'(Y^)dCl) is a supersolution to the BSDE with data (a^ 1 ),^ 1 ). 
Analogously we have that (Y 2 , Z 2 , J a' (Y 2 )dC 2 ) is a subsolution to the BSDE with data (a(£ 2 ), F 2 ). Since 
a is increasing, it is now enough to verify that Y 1 < Y 2 . 

For that we will verify, that F 2 satisfies the conditions of Proposition 2.9 in [12]. Especially we will show, 
that there exists a constant G > such that 



(22) 



d y f 2 (t,y,z) + A\d z f 2 (t,y,z)\ 2 <G, V(t, y, z) G [0,T] xRx 



For simplicity denote F :— F 2 , f := / 2 . Denote y = 7(y), z = j'(y)z = w(y)z. For convenience u> and its 
derivatives will always be evaluated at y. Then 



<9 5 -F(i, y, z) = d z f{t, y,z) + z 



w 



Hence 



9yF(t,y,z) = — 
w 



dyF(t,y,z) < - 
w 



~w"\z\ 2 + w' (d z f(t,y,z)z-f(t,y,z)) 



-w"\z\ 2 + w'(\z\[K + C\z\] + L + C\z\ 2 ) 



+ d y f(t,y,z). 
+ d v f(t,y,z) 
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and 



|a 2 F(t,y,z)| 2 < 

So, for A > 

(d y F + A\d,F\ 2 )(t,y,S)<\z\ 2 



K + C\z\ + — \z\ 
w 



- — + —2C + A(C + — ) 2 

2 w w w 





V 




+ K\z\ 








w 





+ -L+\d y f(t iy ,z)\+AK 2 . 



Note, that for the second term we have 



K\z\ 



w 
w 



+ 2A[C + 



w 
w 



< K\z\ 



(1 + 2A)[C 



w 



w 
w 



< A {c+- \ \z\ 2 + y ^r> k\ 



(1 + 2Af 



Hence 



(dyF + A\d z F\ 2 )(t,y,~z)< \z\ 2 



1 w" w'„ „ , , _ w' . o 
- — + — 2C + 2A {C+ — 2 

2 w w w 



+ — L+\d v f(t,y,z)\+ [A + 



w 



(1 + 2Af 



K 2 . 



Now 

lw" io' _ „ . , _ w' . 9 
- — + — 2C + 2A C + — 2 
2 w w w 



l -^ + ^2C + 2AC 2 + ±AC^ + 2A(^) 2 
2 w w ww 



A 2 g(y) 
2 5 - <?(») 



(s-.9(y)) : 



+ 2C(1 + 2A) 



A 



Agfa) 



+ 2AC 2 + 2A 



A 2 g(y) 2 



(B-g(yW 



-{B - g{y)) + 2C(1 + 2A)A(B - g(y)) 



2AA 2 g(2/) 



2AC 



(£-<?(y)) s 



y ((1 + 4A)g(2/) — B) + 2C(1 + 2A)A(B - g{y)) 



+ 2AC 2 . 



For all A < 1 we hence have 
lw" 



g(y) 



r \2 



_r_ + ^2C + 2A(C+-) 2 < , 
2 w w w (B — g(y)) 



Y (5g(y)-B) + 2C3X(B-g(y)) 



+ 2 AC 2 . 



Now, choose B = 6. Hence 5g(y) — B < —1, y e [— M, M]. Then choose A = A(C) sufficiently large such that 
the term in square brackets is strictly negative, say smaller then —1 for all y G [— M, M]. This is possible 
since it is a polynomial in A and the leading power has a negative coefficient. Then for ye [-M, M] 



g(y) 



(6-.g(g)) 2 



y(5g(y)-6) + 2C3A(6-g(y)) 



< 



g(y) 



(6-g(y)) 2 



< e 

~ 36 



-A2M 



=: -25, 



where 5 depends only M and A and hence only on M and C, i.e 

1 



6 = S(C,M) = -e 



\(C)2M 



Now choose A small enough such that 2AC 2 < 5. If then for some N > we have 

d y f(t,y,z) <N + 5(C,M)\z\ 2 , 
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(%F + A|a 5 F|")(t, y, 2) < — L + N + [ A + v - 7 ) K 



w 



-2 



it follows that 



B — 1 \ A 

= : G. 

So we have shown (|2"2"|) and comparison the follows from Proposition 2.9 in [T2]. □ 

Appendix B. Flow properties 

Consider the solution flow (j> to 

(23) W,x,y)=y + J H(x,4>(r,x,y))d( r , 

where H and £ will be specified in a moment. We need to control 

8y4> ~ 1, 8 X (j), d XX 4>, d X y4>, dyy(j), dyyyCj), d X yy(j), d XX y^> 

over a small interval [T — h,T]. Note that each of the above expressions is when evaluated at t = T . 

Lemma B.l. Let p > I, C £ C p_ var ( [0 , T] , G ^ (R d ) ) and 7 > p. Assume that H t = Hi{x,y) has joint 
regularity of the form 

sup \H l (- 1 -)\ Uvl+2{Rn+ i ) <c 1 

i=l,...,d 

and 

lKll p . wor; [o,T] - C2 - 

Then, the solution to (|23[) induces a flow of G 3 diffeomorphisms, parametrized by x £ M n , and there exists 
a positive L — L (ci, C2, T) so i/iai, uniformly over x £ R n , y £ R and t £ [0, T] 

max -^,d xx (j), d xy <f), d yy (/>, d yyy 4>, d xyy <f), d xxy (p^ < L. 

Moreover, for every e > there exists a positive S = 5 (ci, c%) so that, uniformly over x £ y £ R and 
t £ [T - S, T] 

msx{d x 4>, d y (j) ~ l,d xx <t>,dxy<t>,d yy (t>,d ym (f>,dx y y(f>,d X xy4>} < e. 
Proof. Consider the extended RDE 

= 

-# = H(t;,q>)d( 

with terminal data (Ct^t) — i x :V)- The assumption on (i/^) implies that (£,<f>) evolves according to a 
rough differential equation with Lip 7+2 -vector fields. In this case, the ensemble 

4> = (£, 0, 9^0, <9 y 0, 9^0, d xy <j), <9yy0, <9a;iyly0, d xxy </>) 

can be seen to be the (unique^, non-explosive) solution to an RDE along LipJ^" 1 vector fields. Thanks to 
non-explosivity we can, for fixed terminal data 

^> T = (a, y, 0,1, 0,0, 0,0, 0,0), 

localize the problem and assume without loss of generality that the above ensemble is driven along Lip 7-1 
vector fields. Since we want estimates that are uniform in x, y we make another key observations: there is no 
loss of generality in taking (x, y) — (0, 0) provided H is replaced by H x>y = H (x + •, y + •). This also shifts 



■ loc 

differentiating the now have a special structure so that for the final level of derivatives only rough integration is need; as is well 
known, for this it suffices to have Lip^" 1 regularity, (cf. Chapter 11 in 1101 ) contains a detailed discussion of this. 
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the derivaties (evaluated at some (x,y)) to derivatives evaluated at (0,0). As announced, we can now safely 
localize, and assume that the vector fields required for </>, obtain by taking formal (x, y) derivatives in 

d£ = 

are globally Lip 7-1 . A basic estimate (Thm 10.14 in [10]) for RDE solutions implies that for some C = C (p, 7) 

4>t-4>T < un =CX(P P (\ H *>v\u p y+' IICIIp-var;[T-ft,T]J > 

where <£ v (x) = max(a;, x p ).At last, we note that l-ff^.j/ 1x^-7+2 = l^lLipT+ 2 thanks to invariance of such Lip 
norms under translation. The proof is then easily finished. □ 

Lemma B.2. Assume the setting of the previous lemma. Assume that C, n ,n > 1 is a sequence of p rough 
paths that converge to a rough path £° in p-variation. 
Then locally uniformly on [0, T] x R™ x R 

" ' ,9^ n ,9 w n ,^0 n ,^ n ,9^") {cj>\^,d y cjP,d„<j>\d x <j>\d xx ciP,d vx< tP) 



Proof. Using enlargment of the state space as in the proof of Lemma IB . II we can apply the same reasoning 
as in Theorem 11.14 and Theorem 11.15 in [10] to get the desired result. □ 

Appendix C. Comparison for PDEs I 

Consider the equation 

(24) d t u(t,x) + F(t,x,u,Du,D 2 u) = 0, (t, x) e [0, T) x R" 

u(T,x)=g(x), i£l", 

where F : [0, T]xl"xlxK"x S(n) — » R is a continuous function and g : 1" — » R is a bounded, continuous 
function. 

Theorem C.l. Assume that —F satisfies (3.14) of the User's Guide [6 , uniformly in t, together with uniform 
continuity of F = F(t, x,r,p, X) whenever r,p,X remain bounded. 
Assume also a (weak form of) properness: there exists C such that 

F(t,x,s,p,X) - F(t,x,r,p,X) < C(s - r), Vr < s. 

If u is a subsolution of (1241) and v is a super solution, then for (t, x) G [0, T] x R™ 

u(t, x) < v(t, x). 

Proof. Let u(t, x) :— u(T — t, x), v(t, x) := v(T — t, x). Then u is a subsolution and v is a supersolution to 

d t u(t, x) — F(t, x, u(t, x), Du(t, x), D 2 u(t, x)) = 0, u(0, x) = g(x). 

Hence we can apply Theorem 20 in [9] to get the desired result (note that the F there is — F here, since 
we consider a terminal value problem). □ 

Appendix D. Comparison for PDEs II 

We consider the equation 

(25) -d t u - - Tr[a(t, x)a(t, x) T D 2 u] - (b(t, x),Du) - f(t, x, u, Dua(t, xj) = 0, (t, x) £ [0, T] x R n , 

u(T,x)=g(x), ieR", 

where / : [0,T] x 1" x 1 x R™ -> 1 is a continuous function and g : R n — >■ R is a bounded, continuous 
function. 

The following statement as well as its proof are a modification of Theorem 3.2 in [T^]. (The statement is 
not in is most general form, but adjusted to what we need in the main text.) 
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Theorem D.l. Assume that there exists a constant L > such that for (t,x) £ [0,T] x R™ 

\b(t,x) - b(t,y)\ + \a(t,x) - a(y)\ < L\x - y\, 

\b(t,x)\ 2 + \a(t,x)\ 2 <L(l + |x| 2 ). 

Assume that there exists a constant C > such that for (t, x, y, z) £ [0, T] x R n x R x R™ 

\f(t,x,y,z)\<C(l + \z\ 2 ), 

\d z f(t,x,y,z)\<C(l+\z\). 

Assume that there exists a constant C un if such that for every e > there exists an h e > such that for 
(t, x, y, z) € [T - fi, e , r]xM"xMxl"i»e kse 

(26) d y f(t,x,y,z) < C U nif + eM 2 . 

Assume that there exists a constant C > smc/i i/iai /or (i, x, y, z) € [0, T] x R" x R x R n 

\d x f(t,x,y,z)\ <C(l + |z| 2 ). 

T/iew there exists an e* = e*(||u|| 00 , ||u||oo> C, C un if) > swc/i that if u is a bounded upper semicontinuous 
viscosity solution of ((25)) on [T — h e * , T] and if v is a bounded lower semicontinuous viscosity solution of 
([25]) on [T — h e . , T] such that for x 6 R™ 

u{T, x) < v(T, x), 

then for (t, x) € [T - h e * , T) x R" we have 

u(t, x) < v(t, x). 

Proof. Set M := maxdluHoo, ||i>||oo} + 1< Let A > 0, A > 1, K > be constants to be chosen later. Define 

1 , fe XA » + 1\ , ln(A) . 
m : =X ln ( A ) :M ^ ( A'' 



Since we want to plug u and t> in the inverse of <f> later on, we will have to choose A > e X2Me , so that 
{e Kt (y — M) : y E [-M, M]} is contained in the range of 4>. Then 

= Ve-A^ . ^H^M^-l). 
By differentiating 4>{ip^ 1 {y)) = y we get 

Define r(y) := (jT l (e Kt (y - M)) , its inverse s(y) := cj)(y)e- Kt + M and := e -Ae Kt fe-j\/) . [_^f,M] 
[l,e A2MeKt ]. Then g'(y) = -Xe Kt g(y). 
Define 

w(y) := e- K V'(r(2/)) = s s| fi = r(!) ) = - e -^ Kt (*-^)] = e"** [A - , 

which is non-negative for A > e X2MeK \ Then 

w'(y) = Xg(y), w"(y) = -e Kt X 2 g(y). 
Let now u(t,x) be a solution to (|2"5l) . Let u(t,x) := r(u(t,x)). Then u(t,x) = s(y(t,x)), and hence 
x) = <^'(5(t, x))e~ Kt d Xt u{t, x), 
d XjXi u(t,x) = (j)'\u{t,x))e~ Kt d Xj u(t 1 x)d Xl u(t,x) + c/)'(u(t,x))e~ Kt d XjXi u(t,x), 

i.e. 

Du(t,x) = (j)' {u(t, x))e~ Kt Du(t, x), 
D 2 u(t, x) = 4>"(u(t, x))e' Kt Du(t, x) ® Du{t, x) + <f>'(u(t, x))e~ Kt D 2 u(t, x). 
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Hence 



d t u(t,x) = [Ke Kt (u(t,x) - M)+e Kt d t u(t,x)] 

<p (u(t, x)) 



<P (u(t,x)) 



Ke (u(t,x) — M) 



1 



= K 



<t> (u(t,x)) 
1 

4>(u(t, x) 
<t>\u{t,x)) 

1 

2 



i Tr[<r(t, x)a(t, x) T D 2 u(t, x)] + (b(t, x), Du(t, x)) 



e Kt f(t, x, u(t, x),Du(t, x)a(t, x)) 



4>"(u(t,x))l 



- ^ Tr[a(t, x)a(t, x) T D 2 u{t, x)] - ;; - Tr[a(t, x)a(t, x) T Du(t, x) ® Du(t, x)] 

4> {u{t,x)) 2 

e Kt f(t, x, s(u(t, x)),<j)'{u{t, x))e- Kt Du(t, x)a(t, x)) 



(b(t,x),Du(t,x)) 



<j>'(u(t,x)) 



So u is a solution to 

-d t u(t, x)-^ Tr[a(t, x)a(t, x) T D 2 u(t, x)] - ((b(t, x),Du(t, x)) - f(t, x, u(t, x),Du(t, x)a(t, x)) = 0, 
where, denoting from now on y — s(y), z = w(y)z, 

f{t,x,yrz) = -K^^\\~ Z \ 2 

(y) <t> (y) 2 

+ -^e Kt .f(t,x,s(y),<t>'(y)e- Kt z) 
4> (y) 

= -K^^+w'(y)hs\ 2 + -l^f( t ,x,y,w(y)z). 
w(y) 2 w(y) 



Hence 



w'(y)„ , lw"(y). 



8yf(t,x,y,z) = -K(l -(y- )) + - 



w'{y) 
w{y) 
w'{y) 
w(y) 



w(y) 2 w{y) 
f(t, x, y, z) + d y f(t, x, y, za(t, x)) 

d z f(t,x,y,z)z 

w'(y),, , lw"(!/) |j2 



< -K(l -(y- M)— i2f )) + -— 

+ ^Mc(l + \z\ 2 )+d y f(t,x,y,z) 
w(y) 



< 



1%) 
|z| 2 A 



C(l + \z\)\z\ 



-w"(y) + Cw'(y) + Cw , (y) 



w(y) \2 

- K(l -(y-M)^l) + d y f(t, x, y> z) + C^l + C*M\z\ 
w(y) w(y) w(y) 



Now using 



C 



w'{y) | . . M 2 ,, . w^) ^ 2 

— — z < — r^w w) H r^r^ 
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we get 

(27) dyf(t, x, y,z) < ^ (^"(y) + (2C + l)v/(y)j 

-K + d y f(t, x, y, z) + (C + K(y - M) + C 2 ) . 

Note that 

C + K Q (y - M) + C 2 <C-K Q + C 2 , ye [—{M - 1), M - 1]. 
Hence we can choose Kq = Kq{C) sufficiently large, such that 

C + K (y-M) + C 2 < -1, ye [—(M — 1),M— 1]. 
Then we have that for all choices of -Ko > K, and all choices A > that the last term in (|2"T|) 

^ (C + K{y ~ M) + CP) = A e _ e ^ KHy ^ Kt (C + K(y - M) + C 2 ) 
is negative, as long as A > e X2MeKt , We now fix K = K(C, C un if) = niax{X (C), C uni f} + 1. Then 

\w"{y) + (2C + l)w'(y) = -h Kt X 2 g(y) + X(2C + l)g(y) 

<- l -\ 2 g(y) + KlC + l)g{y) 



5(y)A 



{2C+l)- l -\ 



So, if we choose A = A(C) = 4C + 4, we have 

^"(y) + (2C + l)w'{y) = g(y)(4C + 4)(-l) < -(4C + 4) < -1. 
We now fix A = A(X(C), M, K(C, C unif ) = A(M, C, C unif ) = e X2MeKT + 1. Then for the first term in 
V(y) + (2C + l)w'(y)) = , ?MpKr ■ J^-_-— e ** (!„,"(„) + (2C + l)w'(y) 



w(y) \2 yJJ v ; vy 7 e A2MeKT + 1 - e-Ae^to-A^r ^2 

< W! e - 

- e X2Me KT -L. ]_ _ e -\e Kt (y-M) 

< - ^ e " 

- e \2Me KT 

< -5\z\ 2 < 0, 

with 

,5 = 5(\(C),K{C, C^if), M) = S(M, C, C unif ) = eA2AfeJrr - 1 > 0. 
If we now choose in (f26|) the = = h(M, C, C un if) > so small, so that on [T — h, T] we have 

dyf(t,X,y,z) < C un if + ^M 2 ' 
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we get that on [T — h, T] 

\_zl_ (1 
w(y) \2 



dyf(t, x,y,z) < ( -w"(y) + (2C + l)w'(y) 



-K + d y f(t, x, y, z) + (C + K(y - M) + C 2 ) 

w(y) 

< -S\z\ 2 -K + C unif + ^\z\ 2 

< S\z\ 2 + 6 -\z\ 2 ~ 1 

= -V-i. 

2 1 

Which is the desired inequality, (23) in [12] . 

The rest of the proof is now an exact copy of the proof of Theorem 3.2 in [12]. □ 
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